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2analysis was presented in [6]. These results have been recently corroborated by numerical analysis [7].
The paper is organized as follows. In section II we introduce our notation and conventions and present a detailed
calculation of the maximal delity for N = 2. We show that the delity obtained by Gisin and Popescu in [5] is
optimal (a result also obtained in [8] using dierent methods). In section III we analyze the more general case of two
spin s states. The analysis for any number N of spins is in section IV and our results and discussion are in section V.
We conclude with an appendix containing technical details.
II. TWO SPINS
We start by assuming that Alice has two spins in a general eigenstate of ~n  S (We skip the analysis of the simplest
situation in which Alice has only a spin. The reader can nd it in [2, 6], and our general formulae of section IV can




S (~z is the unit vector pointing
along the z direction) that Alice has rotated into the direction ~n = (cos sin ; sin sin ; cos ). It is convenient to
work in the irreducible representations of SU (2). In the present case, 1=2
















jj;mi = j(j + 1)jj;mi and S
z
jj;mi = mjj;mi. In the following we stick to the general form (1) to treat all the
cases jointly, but one should keep in mind that only combinations with denite S
z
will be relevant for our analysis.
The rotated state U (~n)jAi, where U (~n) is the element of the SU (2) group associated to the rotation ~z ! ~n = R ~z, is
precisely Alice's general eigenstate of ~n 
~







denotes the SU (2) irreducible representation of spin j.
Next, Alice sends the rotated state to Bob, who tries to determine ~n from his measurements. The most general
one he can perform is a positive operator valued measurement (POVM). We specify this POVM by giving a set of
positive Hermitian operators fO
r







For each outcome, r, Bob makes a guess, ~n
r
, for the direction. As we brought up in the introduction, the quality of
the guess is quantied in terms of the delity which we can view as a `score'. To Bob's guess ~n
r
, we give the `score'
f = (1+~n ~n
r
)=2. We see that he delity f is unity if Bob's guess coincides with Alice's direction and it is zero when












where (~n) = U (~n)jAihAjU
y
(~n) and dn was dened in the introduction. The evaluation of F can be greatly simplied












































6= I. We can regard 

r
as xed or reference projectors associated to the single
direction ~z. In this sense, they are the counterpart of Alice's xed state jAi. Inserting four times the closure relation
3P
k
jkihkj = I, where k = +; 0; ; s, and fjkig is the basis of the representations 1 0,
ji = j1;1i
j0i = j1; 0i






























(~n) = hkjU (~n)jji are the SU (2) rotation




















































































where the entries marked with  are not relevant for our analysis since we only consider eigenstates of S
z
for the xed
states jAi. These, and the corresponding rotated states U (~n)jAi, are the only ones that point along a denite direction
in an absolute sense, i.e., even if Alice and Bob do not share a common reference frame. >From its denition (10),
it follows that !
jj
are real nonnegative numbers but !
ij
are in general complex numbers for i 6= j. There are other
constrains on !
ij


























Let us discuss the implications of these equations for dierent values of m.
Case m = 1
The xed state jAi for m = 1 is simply jAi = j1; 1i, i.e., A
+






= 0. In this case the delity








































= 0 ) !
++
= 3: (17)
4The case m =  1, for which jAi = j1; 1i, is completely analogous with the index substitution +$ . The maximal
value of the delity is also F
 
= 3=4.
Case m = 0












= 1. The maximal delity is the largest eigenvalue











































where the phase is the unconstrained parameter Æ = arg!
s0
. Notice that the family of states (21) contains entangled
as well as unentangled states. With the choice e
iÆ
= 1 one obtains the product states j "#i, j #"i; precisely those
considered by Gisin and Popescu [5], which led them to the conclusion that anti-parallel spins are better than parallel
spins for encoding a direction.
>From this analysis one can also obtain important information about the optimal POVM. Taking into account that
one can always take the projectors O
r
















i are normalized states and c
r
are positive numbers. The values of !
ij
(see Eq. 10) endow the information
about the components of j	
r
i in the spherical basis (8). To be specic, consider states with m = 0. The maximal
delity condition (19) implies that the states j	
r






j0; 0i. This result
is, to some extent, what one expects: In order for a POVM to be optimal, the measurement must project on states as





for all r. If this is the case, the delity can reach the maximal value F
0
. Then, imposing the POVM conditions (13)
it is straightforward to verify that all j	
r
i must coincide with a single state, which we denote by jBi,
j	
r








j0; 0i ; (23)
The relative weights of the j1; 0i and j0; 0i components,
p
3 : 1, are easily understood as being the square root of the
dimension of the Hilbert spaces corresponding to j = 1 and j = 0. We therefore see that optimal POVMs can be
obtained by rotating the single reference state jBi. The weights c
r






Because the Hilbert space has dimension four, a POVM (optimal or not) must consist of at least four projectors.
Let us show that indeed an optimal POVM with this minimal number of projectors exists. Since the number of















i = 1 ) c
r
= 1 for the four values of r, which is, of course, consistent with (24). Inverting (7) and
taking into account (22), we see that the four unit vectors ~n
r
















) = I: (26)


























= (r   2)
2
3
; r = 2; 3; 4:
(27)
It is easy to verify that with this choice condition (26) is fullled and the maximal delity (20) is attained. One can
check that the four projectors (26) are equal to those already considered by Gisin and Popescu in [5]. Our aim here
was just to present a motivated explanation for their choice of POVM. Finite optimal POVMs for N > 2 are less
straightforward to obtain. However, the results of [3, 4], which enables us to construct nite POVMs for code states
with maximalm, jN=2; N=2i = j ""
N)
: : : "i, can also be used here for other values of m. We will comment on this issue
in our last section.
After dwelling on minimal POVMs, it is convenient to consider also the other end of the spectrum: POVMs with
innitely many outcomes or continuous POVMs [10]. They will be used in the general analysis in the sections below,
where they will prove very eÆcient. Recall that for any nite measurement on isotropic distributions it is always
possible to nd a continuous POVM that gives the same delity [3]. Therefore, restricting ourselves to this type of
measurements do not imply any loss of generality. We illustrate this point for N = 2 and m = 0 to introduce the
notation that will be used in the following sections.
We have seen that the matrix elements !
ij
contain all the information required for computing the delity, indepen-
dently of any particular choice of POVM. Any measurement for which !
ij
satisfy the condition (17) for m = 1 or (19)
for m = 0 is surely optimal. A continuous POVM is just a particularly simple and useful realization. It amounts to








where the subindex B in the invariant measure refers to Bob (measuring device). Substituting (22) into (10) one










where jBi is the normalized state (23) and c(~n
B
) is a continuous positive weight, which plays the role of c
r
and






) = 4: (30)
We now show that in fact c(~n
B












) = I; (31)






























= 0; 1: (32)

































)  c = 4; (34)
which is just the total dimension (3+1) of the Hilbert space to which the state (23) belongs. Therefore, the projectors
O(~n
B






) in (31) describe an optimal continuous POVM. They are obtained from the xed
state (23) in a manner analogous to the construction of the minimal POVM in (26) and (27), excepting the constant
factor c required by the normalization of the matrix representations of SU (2).
6To complete the analysis of N = 2, we calculate the maximal delity for a given (non-optimal) xed state jAi
with m = 0. Without any loss of generality it can be written as
jAi = jA
0













where we have used the same phase convention as in (21). From (12), and the constrains (13) and (14), it is















To attain this value, Bob must perform an optimal POVM, characterized by (23). He may use, for instance, the
minimal one (Eqs. 26{27), or the continuous one, O(~n
B





3=2 the delity is higher than that of the parallel case (i.e., m = 1) for which F = F

= 3=4.
III. TWO SPINS S




= s to encode the
directions. This can be seen as a generalization of the simple case studied in the preceding section. However the most
important feature of this analysis, as it will be shown in section IV, is that it provides the solution of our original
problem, namely, that of obtaining the maximal delity when Alice has N spin-1/2 particles at her disposal.
According to the Clebsch-Gordan decomposition, a normalized eigenvector of the total spin in the z-direction with
eigenvalue m
A




















where J = 2s. The state jAi and its components A
j
should carry the label m
A
to denote the dierent eigenvalues of
S
z
, however, we will drop it to simplify the notation. A general eigenstate of ~n 
~

































, though we also
drop the label m
B
here. The absolute value of the coeÆcients B
j















and a value for c given by






Notice that the factor 2j + 1 in (40) is just the dimension of the Hilbert space of the irreducible representation j of
SU (2), and c is the dimension of the total Hilbert space. Thus, (39) is the straight generalization of the states (23).












































The integral in (42) can be easily computed by noticing that cos  = D
(1)
00
(~n). Using again the orthogonality rela-
tions (33) we have
Z





























































































































































). The maximal delity is achieved by choosing Æ
j














We see now that all terms in (45) are explicitly positive with the exception of the last one, which necessarily vanishes
for optimal states jAi, i.e., A
j


















































































The largest eigenvalue, x
l





















8with the starting values Q
 1
(x) = 0 and Q
0
(x) = 1. Eq. 54 resembles the recursion relation of orthogonal polynomials,












































It is now apparent that the terms inside the square brackets can be absorbed into a redenition of the characteristic



















This leads us to the recursion relation of the Legendre polynomials:
(l + 1)P
l+1





Working along the same lines, it is easy to convince oneself that the general solution of (54) is, up to a normalization


















































stands for the largest zero of P
a;b
n




= 0 implies maximal delity can be
translated into physical terms by saying that Alice's states and Bob's projectors must eectively span the largest
possible Hilbert space. For a xed choice of m
A
, not necessarily optimal, the best m
B
is that for which the Hilbert
spaces spanned by U (~n)jAi and U (~n
B




= m. In this case, the maximal value of the










. One reaches the same conclusion if
m
B
is xed and m
A
can be adjusted for best results (see discussion in appendix A after Eq. A12).
IV. GENERAL CASE: N SPINS
We now show that the solution we have obtained in the preceding section is in fact of general validity. Recall that
in our original problem Alice has N spins. Let us suppose that N is even (N odd will be considered below). As usual,
Alice constructs her states by rotating a xed eigenstate of S
z
. In terms of the irreducible representations of SU (2),





























9The main dierence with the previous example of two equal spins s is that for j < N=2 the irreducible representations
U
(j)
appear more than once in the Clebsch-Gordan decomposition of (1=2)

N
. Hence, we label the dierent occur-
rences with the index , which we can view as a new quantum number required to break the degeneracy of Alice's
























(~n) = hj;m;jU (~n)jj;m;i (64)










(~n) 6= 0; (65)















). We can circumvent this diÆculty by introducing several copies of jBihBj. A single direc-
tion (unit vector) ~n
B
is thus associated to
O(~n
B



















The xed projectors in the square brackets will be judiciously chosen to eliminate the o-diagonal terms coming from
the mixing of equivalent representations in the closure relation. The projector O(~n
B
) are explicitly of rank higher











) +   . The two points of view are equivalent if the averaged delity is used as a gure of












































; : : :): (69)


































) = Iand, hence, the set of projectors (66) denes a
POVM.






































































, where k must be greater or
















































































































This equation shows that the existence of several equivalent representations in the Clebsch-Gordan decomposition
of Alice's Hilbert space cannot be used to increase the value of the delity already obtained in section III. The
equality holds when all vectors A
j
are parallel, in which case we recover (45). The square root on the right hand
side of (76) plays the role of an eective component of jAi on the Hilbert space of a single irreducible representation




do not change. As far as the delity is concerned, all them are equivalent to taking a state j
~
Ai that belongs to





As we have just seen, the maximal delity can be achieved from a code state containing only one of each irreducible





= s studied in section III, for which s
 s = J  (J   1)     0, with J = 2s = N=2. The problem























= s + 1=2. The corresponding Clebsch-Gordan decomposition is also non-degenerate: s 
 (s+ 1=2) =
J  (J   1)     1=2, with J = 2s + 1=2 = N=2. The results from (37) to (54) are still valid (for the value of





















stands for the largest zero of the Jacobi polynomial P
0;1
N=2+1=2
(x). This completes the solution of the
general problem.
It is physically obvious that the larger the number of spins Alice can use the better she should be able to encode
~n. One thus expects that the maximal delity should increase monotonously with N . It is interesting to obtain this
result from the properties of the zeroes of the Jacobi polynomials. For an even number of spins, N = 2n   2, the
corresponding zero is x
0;0
n










































TABLE I: Maximal delities as a function of the number of spins.
but this is just a particular case of (A9) for a = 0 and b = 1.
Not only the optimal strategy Alice can devise with N spins leads to a delity larger than F
N 1
. She can also use
non-optimal ones and still exceed F
N 1




= 1, which is non-optimal, gives a
delity F = (10 +
p











. In physical terms, this is telling us that the dimension of the Hilbert space spanned by U (~n)jAi and
U (~n
B




= 1 (including equivalent spin representations only once) is still larger than
the maximal available dimension for N = 3.
V. DISCUSSION AND OUTLOOK
In this paper we have addressed the problem of optimizing strategies for encoding and decoding directions on the
quantum states of a system of N spins. We have restricted ourselves to states that point along a denite direction in
an intrinsic way, namely, to eigenstates of ~n 
~
S. This case is of great interest since no prior knowledge of any sender's
(Alice's) reference state or frame by the recipient (Bob) is required at all for a viable transfer of the information. We
have optimized both Alice's states and Bob's measurements. Our results are summarized in (77) and (78), where we
give the maximal averaged delities F
N
. Interestingly enough, these results can be written in terms of the largest
zeroes of the Jacobi polynomial, which are known to play an important role in angular momentum theory and are
intimately related to the matrix representations of SU (2). The states that lead to the maximal delities are among
those that have the smallest (non-negative) value of ~n 
~
S, namely, m = 0 for N even and m = 1=2 for N odd, but
still span the largest Hilbert space under rotations.
We display the values of the maximal delity for N up to seven in table I for illustrational purposes. It shows,




6)=10  0:845, which is already larger
than the corresponding maximal value for four parallel spins (m = 2): F = 5=6  :833 [2]. This illustrates a general
feature: the optimal strategies discussed here lead to delities that increase with N much faster than that of sending
parallel spins. In fact, Eq. A13 shows that F
N









where   2:4 is the rst zero of the Bessel function J
0
(x). In contrast, if parallel spins are used the maximal delity
approaches unity only linearly, F  1  1=N .
This can be understood in terms of the dimension d of the Hilbert space used eectively in each case, which is a
direct sum of the Hilbert spaces of the irreducible representations of SU (2) involved. Here eectively means `non-
redundantly', thus equivalent representations count only once. Encoding with N parallel spins uses only the Hilbert
space of the representation N=2, whose dimension is d = N + 1, whereas our optimal strategy uses a much larger
Hilbert space, with d = (N=2 + 1)
2
for N even and d = (N=2 + 1)
2
  1=4 for N odd; in both cases d  N
2
. We are





where a is of order one and depends on the particular strategy.
Improvements on the approach discussed in this paper can only come from encoding and decoding procedures that
make extensive use of the available Hilbert space, namely, strategies that use the redundant equivalent representations.
In [6] we presented a strategy for which the maximal delity approaches unity exponentially in the number of spins,
i.e., F  1  2
 N
. We argue there that this encoding is likely to lead to the maximal delity one can possibly achieve
with N spins, since it makes eective use of the whole Hilbert space of the system, for which d = 2
N
(thus, Eq. 81
also holds in this case). The corresponding encoding process, however, involves complicated unitary operations and,
moreover, it seems to require that Alice and Bob share a common reference frame [13].





= N=2), a general recipe for nite optimal POVMs exists [3], and minimal versions for up to
12
N = 7 can be found in [4]. The unit vectors ~n
r
associated to the outcomes of these POVMs are the vertices of
certain polyhedra inscribed in the unit sphere. For N  7 we have explicitly veried that these very same polyhedra




 N=2. Moreover, the minimal POVMs
of [4] remain minimal for the states considered here. We have discussed this issue in detail for N = 2 in section II.









), where jBi is given in (39) with m
B
= 1=2; 3=2, fulll the completeness condition (2). We
hence believe that the discretization of a continuous POVM is a geometrical problem, i.e., it seems to be independent
of the states jBi.
The optimal states, jAi, can be easily computed from the matrix M in (50), as they are the eigenvectors corre-
sponding to the maximal eigenvalue. Recall that for N = 2 one obtains the one-parameter family of states (21) which
includes the product states j "#i, j #"i. For N > 2, product states of the type j "#""#   i do not seem to be optimal.


















which is clearly not a product state of the individual spins for any choice of the phases [14]. One could argue that this
solution is not entirely general because the Clebsch-Gordan series of (1=2)

4
contains the representation 1 three times





























Note now that any product state withm = 0 (two spins up and two spins down), e.g., j ""##i, j "##"i, has an `eective'














3, which do not coincide with (83). Therefore, these





which is remarkably close to F
4
 0:887. This is likely to be the case for arbitrary N . These issues are currently
under investigation.
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APPENDIX A:
In this appendix we collect the mathematical properties of the Jacobi polynomials P
a;b
n
(x) that we use in the text.
We are concerned only with integer values of a and b such that b  a  0. Further properties can be found in [12]
and [15].
For xed a and b, fP
a;b
n
(x)g is a set of orthogonal polynomials, where n labels the degree of each polynomial in the

















































2(n+ 1)(n+ a + b+ 1)















(2n+ a+ b)(2n+ a+ b+ 1)
: (A3)
13













The normalization is chosen so that the coeÆcient A
n















 (2n+ a + b+ 1)
2
n
n! (n+ a+ b+ 1)
: (A5)




(x) = (n+ a+ b)P
a;b
n

















Let us recall some basic facts about the zeros of orthogonal polynomials: i) any orthogonal polynomial,P
n
, of order




are interlaced; iii) for x greater than the largest zero, the polynomial is a monotonously increasing function (if the
polynomial is normalized as in Eq. A5, where A
n
> 0). In particular, P
n
(x) must be positive in this region .
Now we can prove the results needed in the text. As in there, we denote by x
a;b
n












From property iii above it follows that the left hand side of (A4) is manifestly positive for x > x
a;b
n
. Hence, so it is
the right hand side. We conclude that x
a+1;b+1
n 1
cannot belong to this region and (A8) follows 











We evaluate (A6) at x = x
a;b
n



















) > 0. We repeat the process for x = x
a;b
n 1
















). This is necessarily the largest zero x
a;b 1
n
since, according to (A6) and
properties ii and iii, P
a;b 1
n
(x) > 0 for x > x
a;b
n









can be proven as follows. Evaluate (A7) at x = x
a;b+1
n
so that the left hand side of this equation is zero. The second






) > 0. Hence the rst term on the right hand side of (A7)







































According to (A8), decreasing m
00








 lg. The inequality (A10) now implies (A12) 





















is the rst zero of the Bessel function J
a
(x). For a = 0, which is relevant for our discussion in section V, we























=  = 2:405: (A15)
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